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INTRODUCTION 
Recently, the deve1opment of a nove1 ultrasonic inspection technique that detects 
radial fatigue cracks on the far side of so-called "weep" holes in thin airframe stiffeners was 
reported [1]. Thesecrackstend tobe located on the upper part ofthe weep hole (at 12 
o'clock position) therefore arenot readily detectable by conventional ultrasonic inspection 
techniques from the lower skin of the wing. The new technique utilizes circumferential 
creeping waves propagating around the inner surface of the hole to perform the inspection. 
However, the wet wing has to be emptied and dried out before inspection because even a 
small amount offluid fuel trapped in theserather small (approximately 6-7 mm in diameter) 
holes would strongly affect the propagation of circumferential creeping waves. Wehave 
searched the Iiterature for published results on circumferential creeping wave propagation 
around fluid-filled cylindrical cavities in elastic media. Surprisingly, although the analytical 
solution of this canonical problern can be readily constructed from existing building blocks, 
very little was found in terms of numerical results that could be used to gain better 
understanding of the phenomenon. This motivated us to attack the problern by numerically 
solving the dispersion equation and constructing the corresponding dispersion and 
attenuation curves for a specific case of interest, namely, for that of a water-filled cylindrical 
hole in aluminum. 
The problern of dispersive Rayleigh wave propagation on both convex and concave 
cylindrical surfaces was solved by Rulf (2]. As for fluid loading, extensive Iiterature is 
available on the exterior problem, i.e., on elastic waves propagating around solid cylinders 
and spheres immersed in fluid (3-5]. The problern of elastic waves running around air-filled 
elastic shells submerged in fluid has been extensively investigated by Gaunaurd, Werby, 
Überall and others [5-11]. Martson and Kaduchak presented phase and group velocity 
curves for the Lamb-type circumferential waves propagating around a cylindrical shell [12]. 
Optical visualization of the diffraction of a longitudinal pulse by a cylindrical cavity in an 
optically transparent solid was discussed and presented by Ying [13]. lt should be 
mentioned that Solomon et al. studied resonance scattering of elastic waves from fluid-filled 
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cylindrical cavities [ I4]. U sing this technique they constructed the dispersion curves for the 
case of a fluid-filled cylindrical cavity in an infinitely stiff host. 
EXPERIMENTAL OBSERVATIONS 
Figure I shows the signals experimentally detected in the cases of a dry and a fluid-
filled cylindrical hole in aluminum. In the first case only a leaky-Rayleigh wave propagates 
around the surface of the hole. In the second case, there are two types of circumferential 
waves that can propagate, namely whispering gallery modes that carry most of their energy 
in the fluid and a Rayleigh-type mode that propagates essentially in the solid. Whispering 
gallery or halo modes are produced by the repeated reflection of the compressional bulk 
wave in the fluid at the cylindrical wall. Of course, for an ideally rigid solid host these 
modes arenot attenuated at all and carry their energy entirely within the fluid. For an elastic 
host, the same modes are slightly attenuated as some of their energy leaks into the solid. 
The Rayleigh-type circumferential mode is the interface wave propagating around the fluid-
filled surface of the cavity, which carries most of its energy on the solid side. The Rayleigh 
mode becomes dispersive on any curved surface. In addition, on concave surfaces, it also 
becomes attenuated as some of its energy is leaked into the solid host [2, II]. With fluid 
loading on the inside of the cylindrical hole, the dispersive Rayleigh mode becomes leaky 
into the fluid as weil, which changes its propagation properties very significantly. The 
attenuation ofthe leaky Rayleigh mode measured from Figure I is about I8 dB, which is 
significantly lower than the approximately 27 dB attenuation ofthe leaky Rayleigh wave 
propagating over the same distance on a plane water-aluminum interface at 5 MHz. 
Longitudinal wave scattering from fluid-filled cylindrical holes was studied experimentally in 
great detail by Sachse [ I6, I7]. However, in spite of the fairly strong acoustical coupling 
between the solid host and the fluid within the hole, his results did not show the presence of 
a Rayleigh-type surface mode propagating around the hole as the longitudinal mode in the 
solid is but very weakly coupled to this mode. Vertically polarized (normal to the axis ofthe 
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Figure I. Experimentally detected circumferential waves propagating around the 
surface of a dry and a fluid-filled cylindrical cavity in alumirrum (a = 3 mm). 
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hole) shear waves are much more strongly coupled to the Rayleigh mode and generate 
relatively weaker halo modes in the fluid. Although the Rayleigh mode turns out to be still 
the weaker one ofthe two modesthat can propagate around a fluid-filled hole, it is the only 
one that can be used to inspect the near-surface region ofthe solid for cracks and other 
defects, therefore it is the more important one from a nondestructive testing point ofview. 
NUMERICAL RESUL TS AND DISCUSSION 
The dispersion equations for the cases of a cylindrical cavity :filled with fluid in 
elastic and in:finitely stiffhosts can be found in Ref 18. Our calculations have been made for 
the case of a water-filled cylindrical cavity in aluminum. The density of aluminum was taken 
as Ph = 2.7103 kgl m3 and it's Lame constants as ')..h = 5.521010 NI m2 and 
J.l.h = 2.6 106 NI m2 . The density and Lame constant ofwater were assumed tobe 
Pc = 103 kg I m3 and Ac = 2.25 109 NI m2, respectively. Of course no shear waves are 
present in the inviscid fluid (J.lc = 0 ). The dispersion equations were solved for the angular 
wave number v, which is a complex quantity in general, as a function of the normalized 
frequency n = sh a = ro a I c3h. First, the dispersive phase velocitywas calculated as 
cp(ro) = aro I Re{v}, then the group velocity is obtained by numerical differentiation from 
Cg = aaro I aRe{v}. The attenuation coefficient ofthe circumferential mode is 
a. =Im{ v} I a. The normalized attenuation was calculated as the total attenuation over the 
semi-circumference ofthe cylindrical hole, i.e., an = 8.6861tlm{v} in dB. 
Figure 2 shows the dispersion curves of the :first twelve circumferential modes 
propagating around a cylindrical cavity in an elastic host (solid line). The phase velocity is 
normalized with respect to the compressional wave velocity in water (1500 m I s) and is 
plottedas a function ofthe normalized frequency. In order to pointout the effects of the 
acoustic loading of the elastic host on the free vibrations of the fluid column, we also 
plotted in dashed lines the corresponding modes of a fluid-:filled cylindrical cavity in a rigid 
medium. Generally, the modes for the elastic host very closely follow the corresponding 
modes for the rigid host. The acoustic loading of the elastic host causes strong perturbation 
of the mode structure only in a narrow band where the phase velocity of the whispering 
gallery modes coincides with the phase velocity of the Rayleigh-type surface wave running 
around the inside surface ofthe cylindrical hole. The dash-dot-dash 1ine represents this 
dispersive Rayleigh mode for the case of a free cylindrical hole in an elastic medium. An 
obvious feature ofthe curves displayed in Figure 2 is the repulsion ofthe modes ofthe 
fluid-filled cylindrical cavity in an elastic medium (the highlighted parts ofthe solid curves). 
These highlighted portions of the modes seem to form a discontinuous leaky Rayleigh-type 
surface mode, that follows the well-known dispersive leaky Rayleigh mode that would 
propagate around the free surface of the cylindrical hole in the same elastic medium. As the 
frequency increases, all modes but the lowest order (Oth) are approaching the compressional 
wave velocity in water for both elastic and rigid hosts. In contrast, the Oth order mode for 
the elastic host asymptotically approaches the Scholte-Stoneley mode, which has a slightly 
lower velocity than the compressional mode in the fluid. 
The eigenvalues of the dispersion equation for v = 0 de:fine a series of cutoff 
frequencies at which the phase velocity ofthe corresponding modes become infinite. This 
observation was :first reported by Rayleigh in connection with the free vibrations of a 
cylindrical fluid column in a rigid host [15]. Solomon et al. also reported similar results 
using resonance scattering techniques [ 14]. 
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Figure 2. Dispersion curves for circumferential waves propagating around the inner 
surface of a water-filled cylindrical cavity in aluminum (--), in an ideal rigid host 
( · · · · · ·) and on the free surface of a cylindrical cavity in aluminum (- · - · -). 
The normalized attenuation coefficient a.n is shown in Figure 3 as a function ofthe 
normalized frequency. For all modes we notice that the attenuation is very small at low 
frequencies. All the higher order modes start at their respective cutoff frequencies with a 
normalized attenuation of approximately 1.6 dB (shown in dashed line). This is in good 
agreement with the 1.5 dB reflection loss predicted using the simple formula for calculating 
the reflection loss for the case ofnormal incidence ofplane waves on a plane water-
aluminum interface. Except for the lowest order mode which follows the Rayleigh mode at 
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Figure 3. Normalized attenuation curves for circumferential waves propagating around 
the inner surface of a water-filled cylindrical cavity in aluminum (--) and on the free 
surface of a cylindrical cavity in aluminum (- ·- ·-). 
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low frequencies, the peaks ofthe attenuation curves decrease as the mode number 
increases. The dash-dot-dash line in Figure 3 represents the attenuation curve for the case of 
a free cylindrical cavity in an elastic medium. This curve constitutes an upper limit for the 
normalized attenuation in the case ofthe fluid-filled cylindrical cavity. The peaks for the 
fluid-filled case approximately follow the pattem ofthe smooth attenuation curve for the 
free case. Of course the modes of the fluid-filled cylindrical cavity in a rigid host are not 
attenuated. 
Figure 4 shows the normalized group velocity curves for a water-filled cylindrical 
cavity in an ideally rigid medium and in aluminum. Several features associated with Figure 4 
are worth noting. Except for the zeroth and the first order modes, the group velocity of 
each mode, which represents the speed at which energy propagates from one point on the 
circumference ofthe cavity to another, becomes the same at their respective cutoff 
frequencies for both cases. This constant Iimit of the group velocity is 1t c 1 12, which is 
also shown in Figure 4 by the horizontal dash-dot-dash line. It can be proven 
mathematically that 1t c 1 /2 is the correct limiting value for the group velocity in the case 
of a rigid host [ 18, 19]. The physical explanation is even simpler. Infinite circumferential 
phase velocity corresponds to a pure radial resonance, i.e., the energy actually oscillates 
diagonally over a distance of 2 a with a compressional wave velocity of c 1. However, 
the group velocity is calculated assuming propagation over the semi-circumferential 
distance of xa, therefore it must approach xc 1 12 at the cutofffrequencies. For high 
frequencies that correspond to short wavelengths, we see that the normalized group 
velocity of the modes for both cases being investigated approach the same limiting value of 
the compressional wave velocity in fluid. 
Special attention has to be paid to the behavior of the first order mode in the case of 
the cylindrical cavity in a rigid host. We notice that, unlike all other modes, the first order 
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Figure 4. Normalized group velocity curves for circumferential waves propagating 
around the inner surface of a water-filled cylindrical cavity in aluminum (--) andin an 
ideal rigid host (- · · · · · ). The 1t /2 limiting value of the normalized group velocity at the 
cutofffrequencies is also shown (- ·- ·-). 
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mode does not attain a finite group velocity as its phase velocity approaches an infinite 
value, i.e., at ro = 0. Instead, the group velocity continues to increase as the frequency 
decreases. This unexpected behavior can be justified based on the fact that at zero 
frequency there is no energy propagation and the same state exists at all points around the 
inner surface of the cylindrical cavity at all times. This manifests itself as an infinite group 
velocity. A more detailed analysis ofthe anomalous low-frequency behavior ofthe zeroth 
and first order modes is discussed in more detail in Ref 18. 
The apparently rather complicated mode structure observed in Figures 2 through 4 
is the result ofhighly localized mode coupling between the two principal types ofwaves 
that can propagate around the fluid-filled hole. Figure 5 is a schematic diagram of shear 
wave scattering from a fluid-filled cylindrical hole in an elastic solid. Only one ofthe 
peripheral incident rays is shown, which excites a Rayleigh-type surface mode at point A. 
Asthismode starts to propagate around the surface ofthe cavity, it leaks energy into the 
fluid at an angle equal to the Rayleigh angle 8 R (for the case of aluminum-water 
8 R ~30°). Let us consider the ray in the fluid which starts very close to point A and hits 
the opposite surface ofthe cylindrical cavity at point B after crossing the fluid-filled hole 
along the AB chord. This ray makes an angle of 8 R with the normal to the tangent at 
point A and hits the surface of the cavity at an angle of incidence equal to 8 R, therefore 
it will excite a Rayleigh surface wave that will propagate along the inner concave surface of 
the hole from point B. This mode is again a leaky Rayleigh wave that will reradiate its 
energy both into the bulk of the solid and into the enclosed fluid. The above process repeats 
itself for every ray reradiated into the fluid at subsequent points along the circumference of 
the cavity. The concentric circle of radius a sin 8 R = a c f I c R shown by the dotted line in 
Figure 5 represents the inner Iimit ofthe whispering gallery, i.e., the maximum depth of 
penetration for the halo modes towards the center ofthe cylindrical cavity. The delay in 
arrival time between the leaky Rayleigh and the halo waves can be calculated as follows 
2a cos8R M ~--~~ 
Cj 
(1) 
Interference between these two components gives rise to periodically occurring strong 
attenuation at frequencies separated by ~ro = 2 1t I !lt , which can be expressed in a 
normalized form as 
(2) 
where we approximated the Rayleigh velocity simply with the shear velocity. Fora water-
filled cylindrical cavity in aluminum, from Eq. (2) we get ~n ~ 4.2, which is in very good 
agreement with the periodicity of the attenuation peaks shown in Figure 3. The falling part 
of the attenuation curves can be justified on the basis that as the frequency increases the 
wavelength becomes shorter and shorter compared to the radius ofthe cavity, thus 
approaching the case of a Rayleigh mode propagating along a plane surface that has no 
curvature. This allows more and more energy to be reradiated into the fluid within the 
cavity and less and less energy to the surrounding elastic solid. Consequently, the 
normalized attenuation coefficient decreases until the frequency becomes so high that plane 
surface conditions prevail and the modes become practically unattenuated by leakage into 
the solid host. Beside the decreasing leakage caused by the surface curvature at increasing 
frequencies, the reduction in the peaks of the normalized attenuation curves shown in 
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Figure 5. Schematic diagram ofleaky Rayleigh surface wave propagating around the 
surface of a water-filled cylindrical cavity in an elastic solid. 
Figure 3 is also due to the decreasing actual propagation length along the interface. The 
effective propagation length before reradiation into the fluid occurs, which is related to the 
so-called Schoch displacement, becomes smaller and smaller as the frequency increases 
thereby reducing the possibility oflosing energy to the elastic solid. This translates into a 
direct reduction in the maximum normalized attenuation of each successive halo-resonance 
within the cavity. 
CONCLUSIONS 
In this paper, the problern of circumferential creeping waves propagating along the surface 
of a fluid-filled cylindrical cavity was numerically solved to obtain dispersion and 
attenuation curves for both rigid and elastic hosts. A better understanding of the physical 
nature of these modes was achieved by analyzing the obtained numerical results. It has been 
confirmed that all but the lowest order two modes will have cutoff frequencies at which the 
phase velocity approaches infinity, the group velocity reaches a lirniting value of 1t c 1 /2 
and the normalized attenuation is approximately equal to the reflection loss of plane waves 
at normal incidence. These cutoff frequencies correspond to pure radial compressional 
resonances in the fluid colurnn. Acoustic ray theory along with the concept of non-specular 
reflection at the Rayleigh angle were utilized to explain the dispersion and attenuation 
curves. The energy leaked into the fluid at the Rayleigh angle from the Rayleigh mode 
propagating around the surface of the cavity will hit the opposite surface in a series of 
reflections exciting leaky Rayleigh waves upon each encounter, which agairr reradiate most 
oftheir energy back into the fluid and lose some ofthat energy to the surrounding elastic 
medium. This is markedly different from what takes place in the case of leaky Rayleigh 
wave propagation along the plane surface of a solid half-space in contact with a fluid half-
space, where the attenuation is caused solely by energy leakage into the fluid. 
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The presented conventional solution of the dispersion equation describes the 
behavior of the circumferential waves in the frequency domain. This form of the solution 
has great practical importance in narrow-band experiments when waves Iasting for a very 
long time are utilized (e.g., tone bursts). Unfortunately, this form ofthe solution is not as 
useful in broad-band experiments where pulses Iasting for a very short time are used, such 
as those experiments done by Nagy et al. to detect fatigue cracks in weep holes [1]. Tobe 
more useful in the interpretation of this kind of experiments the solution of the problern will 
have tobe obtained in the time domain using the Green's function method. In spite oftheir 
limited use in broad-band experiments, the results obtained are of great importance as the 
conventional solution of a basic canonical problern and serve the purpose of deeper 
understanding some aspects of circumferential creeping wave propagation around fluid-
filled cylindrical cavities. 
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